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Abstract
In this work we continue our previous studies concerning the possibility of the existence
of a Bose-Einstein condensate in the interior of a static black hole, a possibility first
advocated by Dvali and Go´mez. We find that the phenomenon seems to be rather generic
and it is associated to the presence of an horizon, acting as a confining potential. We
extend the previous considerations to a Reissner-Nordstro¨m black hole and to the de
Sitter cosmological horizon. In the latter case the use of static coordinates is essential
to understand the physical picture. In order to see whether a BEC is preferred, we use
the Brown-York quasilocal energy, finding that a condensate is energetically favourable
in all cases in the classically forbidden region. The Brown-York quasilocal energy also
allows us to derive a quasilocal potential, whose consequences we explore. Assuming the
validity of this quasilocal potential allows us to suggest a possible mechanism to generate
a graviton condensate in black holes. However, this mechanism appears not to be feasible
in order to generate a quantum condensate behind the cosmological de Sitter horizon.
ICCUB-19-006
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1 Introduction
Some time ago Dvali, Go´mez and coworkers [1] suggested that black holes (BH) could be
understood as Bose-Einstein condensates of gravitons. This provocative idea could lead to
an alternative understanding of some of the most striking features of BH. For instance, it
was suggested that Hawking radiation [2] would be due to the leakage from the condensate.
This picture could bring new ideas about the Bekenstein entropy [3], the absence of hair [4]
and the perennial discussion on loss of information in BHs [5] too.
In [6] we elaborated on some of these ideas, deviating somehow from the original line of
thought of the authors (see [7] for a different approach). We assumed the pre-existence of a
classical gravitational field created by an unspecified source that generates the Schwarzschild
metric. Nothing can classically escape from the interior of a BH, so in practice this situation
would correspond to a confining potential where quantum fields are presumably trapped,
gravitons in particular.
Continuing with this analogy, these trapped gravitons as well as other quanta present
have had a long time to thermalize in a static Schwarzschild BH and it is natural to expect
that eventually a Bose-Einstein condensate (BEC) could form. Of course these ‘gravitons’
are in no way freely propagating transverse gravitons. They are necessarily off-shell (q2 6= 0)
and thus have some sort of effective mass.
In [6] we tried to substantiate this picture and propose a consistent set of equations
describing a BEC constructed on top of the classical field created by a BH, that could be
identified as the counterpart of the Gross-Pitaevskii equation [8]. We did succeed and, re-
markably enough, the characteristics of the resulting BEC are uniquely described in terms of
the Schwarzschild radius of the BH and the value of a dimensionless parameter, interpreted
as a chemical potential. A condensate appears not only to be possible but actually intimately
related to the classical field that sustains it and determines its characteristics.
In the present study, after reviewing the main characteristics of this proposal in the
context of a Schwarzschild BH, we also consider other geometries that exhibit an horizon,
such as Reissner-Nordstro¨m or de Sitter. We find that BEC-like solutions may be present
in all these cases too. We then proceed to study the energy associated to these solutions to
see whether they are energetically favourable. As it is well known, the definition of energy
is problematic in general relativity. Here we approach this issue in the light of a quasilocal
definition of energy, whose properties and main characteristics, in particular in the context
of a possible BEC, are presented in section 3. The quasilocal energy is used to define a
quasilocal potential that in turn is applied to attempt to understand the binding of matter
falling in the black hole. Associated to this, we also provide a tentative explanation of the
origin of the ‘graviton’ condensate itself. In sections 4 and 5 we extend the analysis of the
quasilocal energy to the Reissner-Nordstro¨m and de Sitter solutions.
2 Summary of the Schwarzschild results
The main point of the work of Dvali and Go´mez is that the physics of BH can be understood
in terms of a single number N , the number of (off-shell) gravitons contained in the Bose-
Einstein condensate (BEC). These condensed gravitons have a wavelength λ ∼ √NLP , LP
being the Planck length. They have a characteristic interaction strength αg ∼ 1/N . The mass
of the BH is M ∼ √NMP and its Schwarzschild radius therefore is given by rs ∼
√
NLP ,
thus agreeing with the Compton wavelength of the quantum gravitons, in accordance with
the uncertainty principle that dictates λ ≃ rs in the ground state of the quantum system.
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Therefore, up to various factors of the Planck mass everything is governed by N , the number
of intervening gravitons. Modulo some assumptions, all these results stem from the basic
relation postulated in [1] (unless otherwise stated we work in units where c = ~ = 1)
rg =
N
M
(1)
that relates the number of gravitons N , the mass of the gravitating object M and its gravita-
tional radius rg. For a Schwarzschild BH rg = rs. In [6] the previous relations were rederived
from rather simple assumptions.
Bose–Einstein condensation of a spatially homogeneous gas with attractive interactions
is normally precluded by the existence of a conventional phase transition into either a liquid
or solid. Even when such a condensate can form, its occupation number is low. Repulsive
forces act to stabilize the condensate against collapse, but gravitons do not have repulsive
interactions, at least naively, and therefore one would conclude that a BEC is impossible to
sustain, particularly as we expect N to be very large. However, it is up to the equations
themselves to establish whether such a condensate is possible or not. In addition, in theories
of emergent gravity, the ultimate nature of gravitons may involve some kind of fermionic
degrees of freedom (e.g. in the model suggested in [9]). Then, repulsion is assured at some
scale and fundamental collapse prevented. In fact, the results in [6] suggest that condensation
is possible.
Let us now summarize our findings as reported in [6]. A Gross-Pitaevskii-like equation
is obtained in the following way: the graviton condensate would necessarily be described by
a tensor field hαβ that is connected to a perturbation of the classical metric. We restricted
ourselves to perturbations that respected the spherical symmetry (and thus with zero angular
momentum), describing radial excitations of the metric.
In the picture of [1] if a BEC is present with ‘gravitons’ acquiring all the same momenta
∼ 1/rs and being weakly interacting for a macroscopic BH (recall αg ∼ 1/N) the total
energy stored in the condensate should be ∼ N/rs and this quantity would be a conserved
one. Therefore, N would be conserved too. The previous reasoning shows very clearly that
the ‘gravitons’ contemplated in the present scenario (‘maximum packing’), if realized, have
nothing to do with freely propagating gravitons as the number of massless on-shell gravitons
is not a conserved quantity.
The energy of the gravitons contained in a given volume would be
E =
1
2
∫
dV ε2 hˆαβ hˆ
αβ =
∫
dV ε ρ
hˆ
, (2)
where we assume that the energy per graviton ε is constant and approximately given by
ε = 1/λ with λ = rs, and
ρ
hˆ
≡ 1
2
hˆαβ
1
λ
hˆαβ , (3)
with hˆαβ =MPhαβ (this redefinition is needed to give to hαβ the correct dimensions). While
there is no formally conserved current, the above quantity can be interpreted as a ‘graviton’
number density, and the integral of the graviton density (3) in the interior of the BH has to
be interpreted as the number of constituents of the ‘graviton’ BEC.
The chemical potential term in the action should be conjugated to the graviton density of
the condensate inside a differential volume element dV . In order to respect diffeomorphism
invariance, the simplest form of introducing such a term is by means of
∆Schem.pot. = −1
2
∫
d4x
√
−g˜ µ hˆαβhˆαβ . (4)
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This term does resemble a mass term for the spin-2 excitation and indeed it is some sort
of effective mass in practice as the ‘gravitons’ in the BEC are supposed to be quasi-non-
interacting in the large N limit [1]. However, GR eventually requires for the quantity µ to
actually be position dependent,1 i.e. µ = µ(r), and transform as a scalar.
The total action would then be
S(h) =MP
2
∫
d4x
√−g R(g)− 1
2
MP
2
∫
d4x
√
−g˜ µ hαβhαβ . (5)
Indices are raised and lowered using the full metric gαβ = g˜αβ + hαβ in order to preserve
diffeomorphism invariance that is an exact invariance of the above action. Note that the
determinant of the background metric is used in the measure of the chemical potential term.
Starting with (5), a fully covariant expansion in powers of hαβ can be performed up to the
desired order of accuracy. By construction these equations will of course be non-linear (like
Gross-Pitaevskii’s), the LHS is just the ‘Schro¨dinger’ equation (like Gross-Pitaevskii’s) and
it contains an additional piece proportional to the chemical potential (like Gross-Pitaevskii’s
too). It is worth noting again that the action (5) is invariant under general coordinate
transformations, but it is not background independent and it should not be.
The corresponding equations of motion2
Gαβ(g˜ + h) = µ
√
g˜
g
(
hαβ − hασhσβ
)
, (6)
are interpreted as the Gross-Pitaevskii equations describing the properties of a graviton con-
densate sitting in the BH interior. Retaining the leading order in hαβ on the RHS (6) takes
a simpler form, very similar to the familiar Gross-Pitaevskii equation
Gαβ(g˜ + h) = µhαβ (7)
that is good enough to draw the main physical conclusions qualitatively. We shall however
adhere to (6) that can be derived from an action principle.
Of course it could be that the only consistent solution of (6) would correspond to µ = 0,
but this is not the case. While it can be seen that under very reasonable hypothesis the only
solution for r > rs is µ = 0 and hαβ = 0, in the interior of the BH we found in [6] a family of
solutions that could be interpreted as a condensate structure. These solutions take the form
hαβ = diag
(
ϕ
1− ϕ g˜tt ;
ϕ
1− ϕ g˜rr ; 0 ; 0
)
, (8)
where ϕ is r−independent. This implies that the total metric is
gαβ = diag
(
1
1− ϕ g˜tt ;
1
1− ϕ g˜rr ; g˜θθ ; g˜φφ
)
. (9)
The parameter ϕ satisfies the following (Gross-Pitaevskii -like) equation3
− ϕ
r2
= µ (1− ϕ)2 ϕ . (10)
1This is easily seen by requiring the covariant conservation of the equations of motion. See [6].
2This is slightly modified with respect to the proposal in [6] as in the latter an inconsistency was detected
regarding the angular coordinates. This does not affect the essence of the discussion. The present equation of
motion and action are fully consistent.
3Note that the following equation contains no derivative terms, like e.g. the corresponding Gross-Pitaevskii
equation describing a uniform gas of interacting atoms: ϕ2 = µ/g, where g would be the coupling constant
and ϕ the BEC order parameter.
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with a constant ϕ and where the chemical potential is
µ =
µ0
r2
, µ0 = − 1
(1− ϕ)2 . (11)
Assuming the ‘maximum packaging’ condition λ = rs [1], according to our previous discussion,
the number of particles would be given by the integral∫ ∞
0
d3x
√
−g˜ hαβhβα = 4π
∫ rs
0
dr r2(ht
t 2 + hr
r 2) = 4π rs
3 ϕ2, (12)
that states that the integral of the square modulus of the wave function has a constant value.
The volume element for the background metric d3x
√−g˜ has been used. Then
N =
8π
3
MP
2 ϕ2 rs
2 =⇒ rs =
√
3N
8πϕ2
LP , 0 ≤ ϕ < 1 . (13)
Here again the upper limit for the wave function enters explicitly; if ϕ → 1, the metric
becomes singular. These relation agrees nicely with the proposal of Dvali and Go´mez. The
rest of relations of their work can basically be derived from this.
Possibly our more striking results are that the dimensionless chemical potential µ0 =
µ(r)r2 stays constant and non-zero throughout the interior of the BH, and that so does
the quantity hα
α = ϕ previously defined and entirely determined by the value of µ0, and
viceversa. It is natural to interpret µ0 as the variable conjugate to N , the number of gravitons.
Of course the solution ϕ = 0 is also possible. If µ0 = 0 the only solution is ϕ = 0, N = 0
reproducing the familiar Schwarzschild metric in the BH interior. However, the interesting
point is that solutions with ϕ 6= 0 exist and the value of µ0 is uniquely given by (11).
Assuming continuity of the solution the limit ϕ → 0 would correspond to µ0 = −1. This
dimensionless number would then be a unique property of a Schwarzschild BH.
µ0 has a rather peculiar behaviour. It is non-zero inside and at the event horizon. Outside
it appears to be exactly zero. If we forget about the geometrical interpretation of BH physics
and let us treat the problem as a collective many body phenomenon, it is clear that ‘gravitons’
are trapped behind the horizon: the jump of the chemical potential at r = rs would prevent
the ‘particles’ inside to reaching infinity. From this point of view it is quite natural to
have a lower chemical potential inside the horizon than outside (where is obviously zero) as
otherwise the configuration would be thermodynamically unstable. In the present solution
particles (‘gravitons’ in our case) cannot escape.
It is to be expected that other quanta may form condensates too, being described by
Gross-Pitaevskii-like equations similar in spirit to the one considered for gravitons. This
would lead to the introduction of chemical potentials conjugate to their respective number
of particles. However it is not clear a priori which equations they obey; in particular which
potential energy one should use in these cases. We will advocate here to use a potential
derived from the quasilocal energy and investigate some possible consequences of this.
3 Quasilocal energy
It is a fundamental tenet of general relativity that there is no such concept as a local energy of
the gravitational field. Ambitious efforts to associate energy to extended, but finite, spacetime
domains have resulted in quasilocal definitions that could associate the configurations of the
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gravitational field to an energy principle. Although several approaches have led to some
interesting results, no definitive consensus for the expression of the quasilocal energy seems
to have emerged (various proposals for quasilocal energies are reviewed in [10] and references
therein).
In what follows we will use the quasilocal energy elaborated by Brown and York [11] in
order to analyze its behaviour for several spacetime configurations where horizons are present,
with or without the possible graviton condensates just discussed. This magnitude is one of
the promising candidates for obtaining the quasilocal energy in general relativity. According
to this proposal, a suitable fixing of the metric over the boundaries [12] provides a well-defined
action principle for gravity and matter, and dictates a natural choice for the definition of the
quasilocal energy contained in the region of interest without the need for any other geometric
structures. Besides, its properties can be obtained through a Hamilton-Jacobi type of analysis
involving the canonical action. Among these properties we could mention that the proposal
of [11] agrees with the Newtonian limit for spherical stars, it is applicable to thermodynamic
problems [13, 14] and the asymptotic limit is the Arnowitt-Deser-Misner [15] expression for
the energy at infinity for asymptotically flat spacetimes [16]. Physically, the Brown and
York proposal is meant to represent the total energy enclosed by a space-like surface. Given
that the idea of quasilocal energy may not be familiar to several readers, we provide in the
Appendix A a short explanation.
Apart from the intrinsic interest of defining an energy, using a least-energy principle
could allow us to determine whether a ‘graviton’ condensate is in some sense preferred to the
standard no-condensate situation. One might after all expect that matter falling into a black
hole will eventually thermalize and the formation of a BEC may not seem such an exotic
possibility then, but in the case of gravitons the formation of the condensate is a lot less
intuitive. Minimization of the quasilocal energy may be a convenient tool to answer whether
a BEC for gravitons exists or not.
Let us review the definition of the quasilocal energy derived in [17]. The basic idea is to
express the energy as a variation of the action with respect to fixed endpoints. We will deal
with the physics of a compact spacetime domain M that can be topologically decomposed as
the product of a spatial three-space Σ times a real line interval. At any time, each compact
hypersurface Σ is bounded by a two-surface denoted as ∂Σ = B. In our case, Σ is the
interior of a t = constant slice with a two−boundary B given by spheres concentric with the
Schwarzschild black hole determined by r = constant. The quasilocal energy in Σ will be
given by the following definition
E =
1
8πG
∫
B
d2x
√
σ (K −K0) (14)
where σ is the determinant of the induced two-metric σij on the boundary B; K is the trace of
the extrinsic curvatureKij of this two-boundary, embedded into the space-like hypersurface Σ;
and K0 corresponds to the energy of the same two-boundary but embedded in a Minkowskian
vacuum. There is a freedom in choosing a ground level of energy, hence the latter term acts
as a reference term that must be subtracted to obtain the physical energy.
Notice that the separation of the four dimensional space in a product Σ × [t′, t′′] implies
that the quasilocal energy is invariant under general coordinate transformations on Σ but
not under all four dimensional general coordinate transformations, which also involve time.
Therefore quasilocal energy will be dependent on the proper time of the observer [18].
In the present study we limit ourselves to static and spherically symmetric metrics of the
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form
ds2 = −ǫN(r)2 dt2 + ǫ f(r)−2 dr2 + r2 dΩ2 ; (15)
with such definition N(r) and f(r) are always positive functions of the coordinate r and ǫ
is either 1 or −1. If we are placed outside the horizon, t is a timelike coordinate, then the
temporal metric potential gtt is negative and in this region ǫ = 1. At the horizon gtt = −ǫN2
and grr = ǫ f
−2 exchange sign, hence in the interior ǫ = −1. A spacelike slice has the following
associated metric
γij dx
idxj = ǫ f−2 dr2 + r2 dΩ2 ; (16)
and the unit normal vector to constant r surfaces are chosen to be future-pointing
ni = ǫ f(r) δir . (17)
This way of defining objects, factorizing the signs via ǫ, makes the extension of the definition
of the quasilocal energy to the interior zone, beyond the event horizon, straightforward as
pointed in [19], where it is argued on physical grounds why the normal vector to constant r
surfaces has to change sign at r = rs. We shall adhere to this prescription.
The extrinsic curvature of the two-boundary B as embedded in Σ is defined by the co-
variant derivative in the spacelike slice of the normalized tangent vector to this hypersurface
Σ
Kij = −σki ∇k nj (18)
along a direction projected by the operator
σij = γij − ninj . (19)
For the calculation it is only needed the following connection coefficients
Γrrr = −
f ′
f
; Γθrθ = Γ
φ
rφ =
1
r
; (20)
the prime denotes r derivatives. The trace of the extrinsic curvature needed for computing
the quasilocal energy is
K = −2 ǫ f(r)
r
(21)
and the subtraction term K0 is obtained embedding the sphere B in a Minkowskian spacetime
by setting f(r) = ǫ = 1. The next step is straightforward, putting everything together in
(14) with the determinant of the induced two-metric given by
√
σ = r2 sin2 θ, the quasilocal
energy is
E =
r
G
[
1− ǫ f(r)] . (22)
3.1 Quasilocal energy in a Schwarzschild black hole
Let us now consider the change in the quasilocal energy, as defined above, when a condensate
with spherical symmetry, such as the one previously described, exists in a static and spher-
ically symmetric BH. The significant metric elements in (15), both within and beyond the
event horizon, are obtained particularizing (9) to the Schwarzschild solution
N(r) =
√
ǫ
1− ϕ
(
1− rs
r
)
; f(r) =
√
ǫ (1− ϕ)
(
1− rs
r
)
. (23)
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Figure 1: Quasilocal energy for a Schwarzschild black hole computed inside as well as outside the
event horizon. Both axes are in units of the mass M and G = 1. The event horizon is located at 2M .
In the inner region we compare a black hole in classical theory of general relativity where ϕ = 0 (solid
line) and various values for the condensate parameter, where we understand that a BEC structure is
preferred minimizing the resulting energy of the object. We use as a comparison two values for the
condensate: ϕ = 0.4 dashed line and ϕ = 0.7 dotted line.
In the outer region we get the known solution by setting ǫ = 1 and ϕ = 0. In the interior r
is a timelike coordinate, ǫ = −1 and ϕ may be different from zero. The following expression
describes the quasilocal energy (22) in both cases
E =
r
G

1− ǫ
√
ǫ (1− ϕ)
(
1− rs
r
) . (24)
We have written the expressions above in such a way that taking ϕ = 0 and ǫ = 1 for
r > rs we get the quasilocal energy of the black hole as a whole as seen from outside
4. The
quasilocal energy inside an r = constant surface placed outside the event horizon is given by
E =
r
G
(
1−
√
1− rs
r
)
. (25)
Assuming the existence of a BEC with ϕ 6= 0 and that inside the horizon the r coordinate
becomes timelike with ǫ = −1
E =
r
G
(
1 +
√
1− ϕ
√
rs
r
− 1
)
. (26)
These expressions were derived in [17] in the case ϕ = 0.
The quasilocal energy of the entire Schwarzschild metric is plotted in Figure 1. This shows
that a condensate structure lowers the energy with respect the familiar Schwarzschild metric.
The higher the value for ϕ < 1 chosen, the lower the quasilocal energy will be. Figure 1 tells
4That is from the reference system of an observer at rest at r =∞.
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us that the total energy inside the event horizon (including gravitational energy as well as
the energy of the r = 0 singularity) is twice the black hole mass
E(r = rs) = 2M (27)
and twice the energy of the total spacetime as can be seen from the asymptotic behaviour
for the quasilocal energy at infinity. An expansion of (25) around infinity yields
lim
r→∞
E(r) ≃ r
G

1−
[
1− rs
2 r
+O
(
1
r2
)]
 = rs2G ≡M , (28)
which is certainly an expected result.
The reinterpretation of a black hole as describing a graviton BEC does not modify three
remarkable features of the quasilocal energy presented in [19] that are perhaps not widely
acknowledged. The first one is that the quasilocal energy is zero at the singularity. The
infinity of the energy of the gravitational field at r = 0 predicted by Newtonian gravity is
removed. The second striking fact comes from the energy distribution inside the black hole.
Inside the horizon, the quasilocal energy has its maximum value at
rmax. = GM
(
1 +
1√
2− ϕ
)
. (29)
In the limit of the classical theory, this maximum value is located at a radius equals to(
1 + 1√
2
)
GM . As the condensate parameter ϕ increases, the maximum moves towards the
event horizon and for the limiting value ϕ = 1, it lies exactly at the horizon All this means
that the black hole looks like an extended object where most of the energy seems to be ‘stored’
not far from the horizon. The third feature is that the derivative of the quasilocal energy
matches across the horizon, but is infinite there regardless of the value of ϕ.
Note that expanding the quasilocal energy and subtracting the BH mass M one gets for
rs ≪ r
E(r)−M = GM
2
2r
+ . . . . (30)
The leading term is the classical gravitational self-energy of a shell of matter with total mass
M and radius r.
3.2 Gravitational binding
For r ≫ rs, if we denote by E(r)|M the quasilocal energy of a BH of mass M ,
E(r)|M+m − E(r)|M ≃ m+G Mm
r
+
3
2
G2
M2m
r2
+ · · · = m ∂
∂M
E(r) +O(m2) . (31)
The first term corresponds to the gravitational potential energy of massesm andM separated
by a distance r. It is also the energy (for large values of r) that it takes to separate the small
mass m from M and take it to infinity. This leads us to interpret the quantity
V (r) = 1− ∂
∂M
(
r
G
√
1− 2GM
r
)
= 1− 1√
1− 2GM
r
(32)
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as the binding potential energy associated to the quasilocal energy outside the BH horizon.
Now, if we take one step forward and extend these ideas to the BH interior, we will get
V (r) = 1− ∂
∂M
(
r
G
√
1− ϕ
√
2GM
r
− 1
)
= 1−
√
1− ϕ√
2GM
r
− 1
(33)
as the analogous potential energy inside the horizon.
We note that V (r) is singular at r = rs, but we also note that this singularity is integrable.
The following limits are readily found:
lim
r→0
V (r) = 1 , lim
r→∞
V (r) = 0 . (34)
A plot of the profile is presented in Figure 2. There we can see the potential that seems
to emerge from the Brown-York prescription for the quasilocal energy in the case where the
background metric is Schwarzschild. As we observe, the binding takes place in a region that
is relatively close to the horizon, which is not at all unexpected after having seen the shape
of the BH quasilocal energy profile.
There are several considerations that may follow from this potential profile if we accept
the previous interpretation. Notice that according to general relativity, a test particle of
mass m initially at rest at infinity would follow the trajectory described by the geodesic (see
e.g. [20])
r˙2 =
(
1− rs
r
)2 rs
r
, (35)
where the dot means derivative with respect the coordinate time t (i.e. not proper time).
The radial momentum will be pr = mγr˙. As the particle approaches r = rs from the outside,
pr tends to zero as it is well known. However, this does not take into account the emission of
gravitational radiation by the falling particle. If we take Figure 2 at face value, the particle
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Figure 2: Potential profile derived from Brown−York energy for Schwarzschild spacetime, withM = 1
and various values for the condensate parameter ϕ. The solid line corresponds to ϕ = 0. As ϕ
approaches the limiting value ϕ = 1 the inner part of the potential tends to a square potential.
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falls in the deep potential valley while emitting gravitational radiation. However, this process
should come to a stop because quantum mechanics should stabilize it at some point. Let us
use a simple argument to make some energy considerations (a similar argument works fine in
the case of the hydrogen atom).
Indeed, assuming that ∆pr ∼ pr, according to the uncertainty principle ∆r > 1/pr. This
leads to the following order of magnitude estimate:
∆r ≃
√
rs
m
. (36)
This gives us the characteristic width of the potential and the approximate energy level.
Introducing the relevant units, for a BH of about 30 solar masses and considering the fall of
an electron, this gives ∆r ≃ 1mm. This result is surprising as it would imply that falling
matter accumulates in a very thin shell on both sides of the horizon. The associated potential
level would approximately be ε/m ≃ 1−√rsm.
Figure 3 may help us to understand the situation. In this figure we plot the velocity
of a particle falling in a BH of mass M = 1 following a radial geodesic, as seen from an
observer at infinity. We also plot the Newtonian potential that such an observer would
deduce from measuring the motion of the falling particle along its geodesic motion. This
(fictitious) potential agrees for the most part of the trajectory with the one derived from the
quasilocal energy, which however is much deeper close to r = rs. The difference between
the two potentials should be observed by the distant reference point as gravitational wave
emission. The total energy emitted should be approximately m
√
rsm≫ m. Obviously, only
part of this energy is emitted outside the BH and eventually reaches a remote observer. It
is to be expected that a good part of it remains inside the BH horizon. This is a natural
explanation for the graviton condensate, present when ϕ 6= 0, whose properties have been
0 5 10 15 20 25 30
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)
Figure 3: Evolution of the velocity of a falling object as seen from a distant observer (blue curve). The
maximum is 2c/(3
√
3) and is attained at r = 3rs. We also plot the (fictitious) Newtonian potential
that such an observer would ‘measure’ from the fall of the object (red curve). In the same plot we
show a zoom of the quasilocal potential profile derived from Brown−York energy for Schwarzschild
spacetime, with M = 1 presented in Figure 2. In the interior we plot the evolution of this magnitude
as ϕ gets close to its limiting value ϕ = 1 and the potential approaches a step function.
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discussed in the previous sections.
Assuming for the sake of the discussion that (a) gravitons in the condensate are in a state
close to the maximum packing condition, i.e. have an energy ∼ 1/rs and (b) that all the
gravitational energy emitted by the falling particle is eventually stored in the BH interior, the
capture by the BH of a particle of mass m would create n = (mrs)
3
2 gravitons. This is a fairly
large number so it is not unexpected that the continuous capture of matter by a BH brings
the value of the graviton condensate close to 1, its limiting value, N ∼ (M/MP )2. At that
point, most of the mass of the BH is actually due to the graviton condensate: gravitational
(quasi)local energy has turned into BH mass. This simple argument gives strong plausibility
to the thesis sustained by Dvali and Go´mez.
Certainly, along the process just described,M and consequently the shape of the potential
does not stay constant, so a detailed dynamical analysis would be required to understand
this process more accurately. Of course all the previous considerations hinge on the validity
of the hypothesis behind the quasilocal energy principle.
It is actually interesting to see what happens when the value of the graviton BEC ap-
proaches the limiting value ϕ = 1 beyond which the metric becomes intrinsically singular.
The quasilocal potential becomes a constant (the quasilocal energy is a linearly rising func-
tion of r in the BH interior in this limit). The result would apparently be a barrier right
at the horizon location for falling particles. In this limit it would seem that gravitationally
trapped objects would adhere to the BH external surface.
4 BEC in Reissner–Nordstro¨m
The Reissner–Nordstro¨m metric
g˜µν dx
µdxν = −
(
1− rs
r
+
r2Q
r2
)
dt2 +
(
1− rs
r
+
r2Q
r2
)−1
dr2 + r2 dΩ2 (37)
is a static solution to the Einstein–Maxwell field equations that is supposed to describe
an spherically symmetric electrically charged black hole. In order to introduce the electro-
magnetic interaction, the action (5) should be modified by adding the following Lagrangian
density
∆Sem =
∫
d4x
√−gLem . (38)
The corresponding electromagnetic stress–energy tensor is expressed in terms of the field
strength Fµν as usual
Tµν = FµσFν
σ − 1
4
FστF
στ gµν . (39)
The metric (37) describes the gravitational field of a charged, non-rotating, spherically sym-
metric body of mass M and charge Q. In the above metric r2Q = Q
2G is a characteristic
length. The electromagnetic tensor (39) describes the electromagnetic field in the outer re-
gion. The associated electric potential is Aµ =
(
Q/r, 0, 0, 0
)
.
This zone extends all the way from r =∞ up to the (outer) event horizon located at5
r+ =
1
2
(
rs +
√
r2s − 4r2Q
)
, (40)
5As long as 2rQ ≤ rs; otherwise there can be no physical event horizon. Objects with a charge greater
than their mass can exist in nature, but they cannot collapse down to a black hole unless they display a naked
singularity.
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where the metric becomes singular in these coordinates. There is another point where the
metric presents a singularity
r− =
1
2
(
rs −
√
r2s − 4r2Q
)
. (41)
This is called the inner horizon. In the region between horizons r− < r < r+ the metric
elements g˜tt and g˜rr exchange signs.
Let us entertain the possible existence of a condensate in this region. After adding the
chemical potential term, the set of equations to solve are
Gµν(g˜ + h) = κTµν +Xµν , (42)
where Tµν is the electromagnetic tensor of the charged black hole (39) andXµν is the chemical
potential term defined as the LHS of equation (6). We shall explore the existence of solutions
of the type (9). At the same time we redefine the electromagnetic tensor (39) with a new
unknown factor (this can be understood as a renormalization of the charge Q)
Fµν → C Fµν .
It can be seen that a family of solutions describing a condensate exists. Indeed from the
angular equations we get
(1− ϕ) Q
2
r4
= −C2 gttgrr Q
2
r4
, (43)
where the effective metric (g = g˜+h) is used to raise and lower indices. Because g˜ tt g˜ rr = −1
this equation defines the relation of the new constant C to the value of the condensate
C2 =
1
1− ϕ . (44)
On the other hand we have the sector where the chemical potential acts; the (t, r)− sector.
The resulting equation is
− (1− ϕ) Q
2
r4
− ϕ
r2
= µ (1− ϕ)2 ϕ+ C2 gttgrr Q
2
r4
. (45)
The value for C in (44) makes the terms with Q to cancel and this equation exactly reproduces
the one obtained in the Schwarzschild case in eq. (10); hence the chemical potential yields
µr2 = − 1
(1− ϕ)2 .
As we have seen in previous cases, the value of the BEC is in principle arbitrary 0 < ϕ < 1 and
its relation to the chemical potential remains unchanged with respect to the Schwarzschild
case.
All obvious limiting cases behave as expected. If we turn off the charge, Q = 0, the field
equations and their corresponding solutions reduces to the uncharged Schwarzschild case.
Also, if we make the chemical potential to vanish, the condensate disappear and we are left
with the classical Reissner–Nordstro¨m vacuum solution. Maxwell equations in vacuum are
still satisfied in this solution for any arbitrary Q
DνFµν = 0 ,
Fνρ,µ + Fρµ,ν + Fµν,ρ = 0 .
13
The electromagnetic energy (E2 + B2)/2 is scaled by the factor C2 = 1
1−ϕ if ϕ 6= 0. This is
indeed equivalent to scaling the charge. Notice that the redefinition of the charge does not
change the background metric, nor, consequently, the location of the two horizons.
Reissner-Nordstro¨m is not a particularly physically relevant solution as the existence of
a macroscopic electrically charged BH is very unlikely, so its interest is mostly theoretical
as it would imply an accumulation of charged matter. Taking this into account one can
possibly understand the modification of the charge implied by the redefinition Q → CQ as
the consequence of the fact that the condensate density increases too. This redefinition makes
Q to diverge when ϕ→ 1.
4.1 Quasilocal energy in Reissner–Nordstro¨m
We shall use again the results in Section 3. In this case, the radial metric element is
f(r) =
√
1− ϕ
√
ǫ
(
1− rs
r
+
rQ2
r2
)
. (46)
In the outer horizon the same change of sign of ǫ as in the Schwarzschild case takes place.
As we move inwards and cross the inner horizon the signature of the t and r coordinates are
exchanged again, and t recovers its timelike character.
Including the electromagnetic field into the theory will not change the definition of the
quasilocal energy. The quasilocal energy is meant to measure the gravitational energy asso-
ciated to a specific geometry, and so only the gravitational action is important. Of course,
the addition of a new field changes the metric and this is the way that adding the electro-
magnetism influences the quasilocal energy.
The quasilocal energy in this case is given by
E(r) =
r
G

1− ǫ√1− ϕ
√
ǫ
(
1− 2m
r
+
Q2
r2
) ,
with ǫ = 1 when t is timelike and ǫ = −1 when the temporal coordinate is spacelike. A striking
feature is that the energy becomes negative for r < Q2/2M . This radius is always inside
the inner horizon. The value of the quasilocal energy at the singularity is E(r = 0) = −|Q|.
The singularity at r = 0 has the electric field of a point charge, and so, using just classical
electromagnetism, its self energy should diverge.
In Figure 4 the quasilocal energy for these type of black holes is presented. As we see, in
the regions r > r+ and r < r− the usual (no condensate) solution is energetically preferred,
while in the region between horizons the opposite behaviour is taken place and a condensate is
viable. In particular, inside the inner horizon there should not be a condensate. We conclude
that for this case the condensate has the structure of a spherical shell. According to the
proponents of the quasilocal energy, this energy includes the contribution of all fields.
The conclusions that can be drawn are in line with those discussed in the previous section
for a Schwarzschild BH.
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Figure 4: Quasilocal energy of a Reissner–Nordstro¨m black hole, with a charge given by Q2 = 0.8M2.
Both horizons are clearly identified by the divergence of the derivative of the energy. Inside the
external event horizon we compare the classical theory where the wave function is null, ϕ = 0, with
a condensate structure with the same values for ϕ used in the Schwarzschild case. As we can see
from the plot, inside the Cauchy horizon (where the t and r coordinates exchange signs again), the
condensate structure is not favoured any more; hence the theory dictates a ring condensate between
both horizons. Both axes are in units of the mass M of the black hole.
5 BEC in de Sitter
It is quite peculiar for reasons that we will discuss below that also in this case the presence of
an event horizon seems associated to a possible BEC. Let us repeat the previous calculations.
In a de Sitter universe a cosmological term must be included to the Hilbert-Einstein action
part of the action (5)
SdS =M
2
P
∫
d4x
√−g (R − 2Λ) . (47)
The Einstein field equations with cosmological constant and chemical potential in this case
are
Gµν = −Λgµν +Xµν , (48)
giving rise to the following maximally symmetric solution
ds2 = −
(
1− Λ
3
r2
)
dt2 +
(
1− Λ
3
r2
)−1
dr2 + r2 dΩ2 (49)
that possesses a cosmological horizon at
rΛ =
√
3
Λ
. (50)
Searching for solutions with a non-zero chemical potential, we redefine the cosmological con-
stant term with the help of a new constant C: Λ→ C Λ, while the metric is modified to
gµν = diag
(
1
1− ϕ g˜tt ;
1
1− ϕ g˜rr ; g˜θθ ; g˜φφ
)
, (51)
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as in the Schwarzschild and Reissner-Nordstro¨m cases.
Any of the two angular components of the Einstein’s equations fixes this constant with
respect to the condensate as
C = 1− ϕ . (52)
This election for C makes the remaining field equations to take the same form as in (10); the
cosmological contribution inside the Einstein tensor cancel out with the modified cosmological
term. As the equation is the same, the structure for the chemical potential remain unchanged
with respect to the Schwarzschild case (11). That is
µ(r) =
µ0
r2
.
In the visible part of our universe there is no condensate. This case is fairly obvious as
at r = 0 the metric is Minkowskian. At r = rΛ there is a discontinuity in the chemical
potential. There is a peculiar situation here: contrary to the Reissner-Nordstro¨m case, where
the electromagnetic field is enhanced by the condensate structure, the cosmological constant
term is screened by the condensate structure. The presence of the graviton condensate
decreases the value of the cosmological constant which becomes zero for the limiting value
ϕ = 1.
5.1 Quasilocal energy in de Sitter
The fundamentals of the previous derivations of the quasilocal energy do not change if a
cosmological constant is considered. Now f(r) in (15) is given by
f(r) =
√
1− ϕ
√
ǫ
(
1− Λ
3
r2
)
, (53)
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Figure 5: Quasilocal energy for de Sitter spacetime. The axes are in units of the cosmological horizon,
i.e. rΛ = 1. Beyond the horizon we present the curves for the classical solution in solid line and two
different condensate values, ϕ = 0.2 and ϕ = 0.4, with dashed line and dotted respectively.
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where ϕ is zero in our visible universe. When ǫ = 1, gtt is negative and t is a timelike
coordinate. At a horizon, gtt and grr exchange signs and so ǫ = −1. Then
E(r) =
r
G

1− ǫ√1− ϕ
√
ǫ
(
1− Λ
3
r2
) . (54)
The quasilocal energy for a de Sitter metric is shown in Figure 5. As expected, the energy
continually grows with increasing r. The horizon forms when the energy at the surface is
larger than E(rc) = rΛ/G. As in the Schwarzschild case, the formation of a condensate
diminishes the energy with respect to the vacuum case, so it seems that the condensate
structure is favorable against the vacuum itself.
Just for completeness the solution combining the Schwarzschild and de Sitter spacetimes
can be easily computed too. The quasilocal energy is plotted in Figure 6. Both horizons, the
black hole horizon and the cosmological horizon, can be directly seen in the curve. In both
points even though the derivative of the energy matches across the horizon, it is divergent.
Also in both points, the horizon forms when the quasilocal energy crossed the value r/G.
The above picture provides a criterion to discern whether a condensate can be formed
or not. Any time the radial coordinate transform its character from spacelike to timelike,
when crossing a horizon, a condensate structure is energetically favoured with respect to the
vacuum solution.
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Figure 6: Quasilocal energy for a Schwarzschild black hole embedded in a de Sitter space. The units
are such that rΛ = 1. The black hole mass is unrealistically large, rs = 0.1 rc to make details notorious.
Beyond both horizons we plot a condensate structure for comparison, with ϕ = 0.2 and ϕ = 0.4 in
dashed and dotted lines respectively.
5.2 The case of the de Sitter horizon
Before entering in a more detailed discussion about possible physical interpretations in the
case of the cosmological horizon in de Sitter, let us analyze this spacetime but using an inverse
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radial coordinate 

r =
1
z
dr = − 1
z2
dz .
(55)
With this change, the metric reads as
ds2 = −
(
1− Λ
3
1
z2
)
dt2 +
(
1− Λ
3
1
z2
)−1 1
z4
dz2 +
1
z2
dΩ2. (56)
This change of variables maps the cosmological horizon to a concentric sphere centered at
z = 0. The Einstein tensor is constant in r coordinates, then it is not changed by this change
of variables and the equations of motion remains the same as well. Let us now consider the
geodesics in this space-time for straight trajectories characterized by constant angles θ and
φ. Some Christoffel symbols used to compute geodesics are
Γztt =
3Λ z2 − Λ2
9 z
Γttz =
Λ
3 z3 − Λ z
Γzzz = −
6 z2 − Λ
3 z3 − Λ z .
(57)
The geodesic equation is
d2z
dt2
= −3z
2 − Λ
9z
Λ+
6z2 + Λ
3z3 − Λz
(
dz
dt
)2
. (58)
This equation is virtually identical in structure to the one corresponding to a particle moving
towards the horizon in a Schwarzschild metric with vanishing angular momentum and, exactly
like in that case, the observer sees the particle to slow down as it approaches the horizon
that —at least classically— never crosses (according to the observer at infinity in the case of
Schwarzschild, at r = 0 in the case of de Sitter, i.e. at z =∞).
Continuing with this analogy we derive the quasilocal energy using the z coordinate where
the space beyond the de Sitter horizon is mapped onto a sphere of radius zΛ = 1/rΛ. It is
given by
E(z) =
1
z
(
1−
√
1− Λ
3
1
z2
)
(59)
for z > zΛ and
E(z) =
1
z
(
1 +
√
1− ϕ
√
Λ
3
1
z2
− 1
)
(60)
for z < zΛ. The derivation for this expression was made directly using the inverse z coordi-
nate. If we go back to the radial coordinate z → r we obtain the expression (54) but with a
difference of a global minus sign.
Radial geodesics (in the usual coordinate r) can be obtained easily from the expression
r˙2 =
(
1− Λr
2
3
)2
Λr2
3
, (61)
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where Λr2/6 would be the analogous of the Newtonian potential. Note that the usual in-
terpretation that one element of vacuum repeals each other, making the expansion of the
universe obvious, is very intuitive in Friedmann-Robertson-Walker coordinates, but is not so
obvious in the static coordinates used in this section.
In spite of the formal similarity between the expressions for the quasilocal energy (59)
and (25), the situation is different because it does not seem possible to derive a potential
such as the one in (32). The reason is that (59) is mass-independent.
As a consequence, the argument that was presented in the case of a Schwarzschild black
hole, where it was argued that the presence of the potential well implied a substantial amount
of gravitational radiation that could be stored in the inner part of the black hole in form of
a graviton condensate does not hold. In the present case the potential well appears to be
absent and consequently there is no energy loss in form of gravitational radiation.
Intuitively, the de Sitter horizon appears to be somewhat different from the one associated
to a Schwarzschild BH (or to a Reissner-Nordstro¨m for that matter). To the external observer
at infinity, the horizon at r = rs has a very clear meaning and objective existence. On the
contrary, in the de Sitter space-time the horizon is dependent on the observer situation (i.e.
where the r = 0 point is assumed to be). However as discussed in some detail in the seminal
paper of Gibbons and Hawking [21] this might not pose any conceptual problem in principle.
It is only measurable effects by an observer what matters.
As it is well known, there is a temperature associated to the de Sitter horizon, given
by [21]
T =
1
2π
√
Λ
3
. (62)
This raises a puzzling possibility: matter falling into the de Sitter horizon in the inverse
coordinate z; actually accumulating close to the horizon in the static coordinates (r, t). In
the Schwarzschild case we concluded that this would most likely imply a growth in the value of
the ‘graviton’ condensate ϕ. If this were the case, we immediately notice that because of the
change in the cosmological constant beyond the horizon Λ→ CΛ with C = 1−ϕ the vacuum
energy would decrease with time. However, this does not affect neither the position of the
horizon, as the change in the metric is merely a multiplicative factor in the time and radial
components, nor the value of the cosmological constant in the visible part of the universe.
However, the fact that there is no gravitational binding potential of the form (32) obtained
in the Schwarzschild case, would imply that there is no way to create a gravitational BEC
and therefore, in spite of being energetically favourable, the value of the condensate should be
zero and consequently there would be no change in the cosmological constant neither inside
nor outside the de Sitter horizon.
6 Conclusions and outlook
In the present work new insights on the possibility of identifying black holes with Bose-
Einstein condensates of gravitons are proposed. In a previous work, we derived a consistent
picture in the context of Schwarzschild black holes in [6] and now we extend the analysis
to charged black holes (Reissner-Nordstro¨m) and the de Sitter cosmological horizon. We
have found that in all these situations a graviton condensate is possible in the classically
inaccessible zone when a chemical potential term is appropriately introduced in Einstein’s
equations. This seems to suggest that the existence of an horizon is intimately linked to the
existence of such condensates.
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In order to discern whether this possibility is actually realized in nature, we analyze how
the notion of quasilocal energy in the context of the classical theory of general relativity can
be extended so as to encompass the condensate description. Even though there is no total
consensus on the definition of a quasilocal energy, we consider the Brown-York prescription
[11] as being adequate for our purposes and physically well-motivated in the present context.
If this definition for the energy it chosen, it is found —and this is one of our main results—
that a graviton BEC is energetically favourable for all the studied cases in the regions beyond
the horizon.
The possibility of defining a quasilocal energy entails the possibility of deriving a quasilocal
potential describing the binding of falling matter to a black hole. Its well-like structure, makes
the binding to take place around a fairly thin shell located at the event horizon. This seems
to indicate that matter falling into the black hole accumulates at both sides of the horizon,
but always in its vicinity. This confers to the black hole a fuzzy boundary. When matter
falls and get trapped by this potential, gravitational wave emission is necessarily produced
on energy conservation grounds. Part of this energy is emitted towards infinity, however it
is expected that a large fraction is trapped in the inner region. This seems to be a very
plausible explanation on how the condensate of gravitons forms and the value of the graviton
condensate order parameter ϕ increases. As explained in section 3.2, order of magnitude
considerations indicate that practically most of the black hole mass may be stored in the
form of a graviton BEC. Besides, the unceasing capture of gravitons may indicate that the
condensate value should be close to its limit value, ϕ → 1. This statements gives strong
plausibility to the original proposal of Dvali and Go´mez [1].
Extension of these considerations to the Reissner-Nordstro¨m case is straightforward. How-
ever, is not always possible to define a significant quasilocal potential for every spacetime.
For instance, in de Sitter we have been unable to do so, this concluding that while it is
energetically viable, a graviton BEC is actually not present.
The validity —quite plausible in our opinion— of the previous picture brings about many
interesting points. One of them is that the horizon, while being from the metric point of view,
quite well defined, becomes necessarily fuzzy due to quantum effects. A second consequence
is that matter falling in the black hole does not get ‘crunched’ by the singularity at r = 0.
When it comes to the quasilocal energy, it is perfectly regular at the origin, and so is the
associated potential (it tends to a constant). In the classical theory, the location of the
horizon is defined as a limit for timelike world lines to exist. Points where 4-velocity turns
null form a ‘one way’ spatial surface. Here, following our interpretation, we see that matter
is captured by the quasilocal potential and certainly cannot escape, except for the occasional
thermal fluctuation. However, no loss of information would occurs here, except for the usual
thermodynamic irreversibility. If the mass of the black hole decreases for some reason and
rs → 0, the potential becomes progressively shallower and matter stored in its potential
well can escape. Needless to say that one mechanism whereby the mass of the black hole
could decrease is through evaporation. This is an intrinsically quantum mechanism that is
accurately described in the usual way. However, if a graviton condensate is present, and we
have argued that this is very likely with a value close to the limiting value, one should take
into account that Bose-Einstein condensates are not localized objects and therefore some
amount of leaking should be present. In their original proposal Dvali and Go´mez sustained
the point of view that Hawking radiation could be understood in this way. From the point of
view that most of the black hole mass is stored in the form of the condensate, this is a likely
possibility, but we have not considered this issue in the present work (see however [6]).
In spite of the previous considerations, the paradox of loss of information continues to
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be present. In the present description, which is a continuation of [6], one has to assume the
pre-existence of a black hole, however small, bringing again the familiar issues about trapped
surfaces, etc. However, the problem seems somewhat ameliorated due to the mechanisms
described here.
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Appendix A. Quasilocal energy
We will deal with a compact spacetime domain M described by the metric gµν that in our
static and spherically symmetric cases, gets the structure written in (15). Time is globally
defined and provides a foliation Σ. This family of space-like hypersurfaces has a future-
directed timelike unit normal uµ = −Nδtµ. Space coordinates i = (r, θ, φ) adapted to this
foliation can be introduced, leading to the metric tensor γij , given by (16), and the extrinsic
curvature Θij on Σ.
Each hypersurface Σ has a spatially closed two-boundary ∂Σ = B defined by its normal
vector (17) in Σ. The induced two-metric is written as σij = γij −ninj and has the geometry
of a sphere. The corresponding extrinsic curvature Kµν has already been defined in (18). The
time history of these two-surface boundaries B is the timelike three-surface boundary 3B =
B × [t′, t′′] of M , defined by a spacelike normal nµ pointing outwards. Intrinsic coordinates
i = (t, θ, φ) can also be introduced with the associated metric γij. In what follows, the
overlined notation refers to tensors defined on 3B. For instance, the extrinsic curvature
associated with the three-boundary as embedded in M is Θij.
In order to apply the action principle to the domain M we need to include all boundary
terms:
S =
1
2κ
∫
M
d4x
√−gR+ 1
κ
∫
Σ
d3x
√
γ Θ
∣∣∣∣
t′′
t′
− 1
κ
∫
3B
d3x
√
−γ Θ+ 1
κ
∫
3B
d3x
√
−γ Θ . (63)
The last term is the Gibbons-Hawking normalizing factor [22], where Θ corresponds to the
trace of the extrinsic curvature of the three-boundary, but as embedded in a flat background
four-geometry (the spacetime in which we want to obtain zero quasilocal quantities). This
term is usually interpreted as our freedom to shift the zero point of the energy.
Varying the action we get
δS =
(
equations of motion
terms
)
+
∫
Σ
d3x P ijδγij
∣∣∣tf
ti
+
∫
3B
d3x (π − π0)ij δγij , (64)
where P ij and πij are the momenta canonically conjugate to the corresponding metrics of
each of the two submanifolds (the πij0 term is conjugate to the flat metric and is simply
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a shift due to the Gibbon-Hawking normalizing factor; fixing this term means to choose a
‘reference configuration’). The guiding principle for obtaining the quasilocal energy is the
analogy between the latter variation and the action variation in nonrelativistic mechanics:
δS =
(
equations of motion
terms
)
+ p δq −H δt (65)
When restricted to classical solutions, the equations of motion vanish. We have the corre-
spondence 

pi =
∂S
∂qi
H = −∂S
∂t
⇔


P ij =
δS
δγij
(π − π0)ij = δS
δγij
(66)
The generalization is quite direct. The three-metric γij provides the metrical distance between
all spacetime intervals in the boundary manifold 3B (including time between spacelike sur-
faces); therefore the notion of energy (the one equation for the Hamiltonian) in nonrelativistic
mechanics is generalized to a stress energy momentum defined on 3B that characterizes the
entire system (gravitational field, chemical potential fields and any matter fields and/or cos-
mological constant). In accordance with the standard definition for the matter stress tensor
T µν , the following surface stress tensor is defined
τ ij ≡ 2√−γ
δS
δγij
=
2√−γ
(
πij − πij0
)
. (67)
An important feature of this stress tensor is apparent when considering two concentric
spherical surfaces B1 and B2. In the limit where B1 and B2 approach each other, the total
surface stress-energy-momentum result in τ ij = 2/
√−γ(πij2 − πij1 ) since the reference terms
πij0 cancel between each other. This tensor embodies the well-known result of Lanczos and
Israel in general relativity [23], which relates the jump in the momentum πij to the matter
stress tensor of the surface layer. In the infinitesimally thin layer limit, the geometries of
each side of the layer coincide and there is no gravitational contribution to τ ij. The direct
physical implication of this result is the widely known absence of a local gravitational energy
momentum [24].
Therefore, from the previous discussion
P ij =
1
2κ
√
γ
(
Θ γij −Θij
)
, πij = − 1
2κ
√
−γ
(
Θ γ ij −Θ ij
)
(68)
are canonically conjugate to the metrics γij and γij respectively. The normal and tangential
projections of τ ij on the two-surface B defines the proper energy ε = uiujτ
ij , momentum
ja = −σaiujτ ij , and spacial-stress sab = σai σbjτ ij surface densities. We are interested in the
first magnitude (further details can be found in [17]); integrating the energy density along B
leads us directly to the definition of the quasilocal energy given in (14)
E =
∫
B
d2x
√
σ ε =
1
κ
∫
B
d2x
√
σ (K −K0) . (69)
The energy result in the subtraction of the total mean curvature of B as embedded in Σ
with the total mean curvature of B as embedded in a Minkowskian reference frame, times
the inverse of the Einstein’s gravitational constant.
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